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Γ(x) =
Γ(x + n)
x(x + 1) · · · (x + n − 1) .
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!¡r¨nÚÛÙ¡×±c½½ª´7íG¯T©¬¹Tª¬©¨­  ³ÙÖ«¹µ 3²ª±
ln Γ(z) ∼ (z − 1
2
) ln z − z + 1
2
ln(2π) +
∞∑
ν=1
B2n
2n(2n− 1)z2n−1 .
C£ 
î«¹
z > 0
Ú¯µ¡×¯T¹µ²¡-Ój±cª¬²¡×©^³!¡¨®ª¬«G³g¡A¾Ä¶´Ä¯OÛ«¢®«¨³g¡A®²Ý¯T©¬Ó¡×½±X¹µ¯µ©^±Xªn³µ² Ü³ß
B′s(x) = Bs−1(x),
∫ 1
0
Bs(x) dx = 0, B0(x) = 1.
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«¨Óc¡¹T­c¡r¨G¯rÚ³g©¨®¡
B2s = 2(−1)s+1
(2s)!
(2π)2s
(1 + θn)
Û©¬¯µ
2−2s < θn < (2
2s−1 − 1)−1.
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Hν(z) =
1
Γ(−ν)
∫ ∞
0
e−t
2−2tzt−ν−1, <ν < 0
à{²¹h½²¹µ½«³µ¡×©³h¯µ«®«c ¢½²Ý¯T¡×¯µ¡£°¡¹T ¢©l¯T¡×Ö²¨®
¯T©¬«¨Ö«c¹
ν < 0
±X¨¾
z ≥ 0 ßAh«jÛÙ¡Ó¡¹AÚGÖ«c¹ ν ≥ 0 Ú©l¯°®r±X¨¶¡-«c¶Ý¯±X©¨¡r¾ÄÖ¹µ« 
Hν+1(z) = 2zHν(z) − 2νHν−1(z).
Ò ¡-±KÓc¡{¯µ¡³µ¡¹T©¡r³!¡!Ý½±c¨³µ©¬«¨
Hν(z) =
1
2Γ(−ν)
∞∑
k=0
Γ
(
k − ν
2
)
(−2z)k
k!
= 2ν
√
π
{
1
Γ
(
1−ν
2
)
∞∑
k=0
(−ν)(2 − ν) . . . (2k − 2 − ν)
(
2z2
)k
(2k)!
− 2z
Γ
(
− ν2
)
∞∑
k=0
(1 − ν)(3 − ν) . . . (2k − 1 − ν)
(
2z2
)k
(2k + 1)!
}
±X¨¾¯T¡×Ö«c¹T Ü±Xªn±c³µ´ ¢½Ý¯µ«c¯µ©^®{¡ !Ý½±X¨³µ©«c¨
Hν(z) ∼ (2z)ν
∞∑
k=0
(−ν)2k
k!(−4z2)k
Ö«¹ | arg z| ≤ 34 − δ
Ú
δ > 0
Ú
Û¡r¹µ¡×ÛÙ¡×¾¡¨«c¯µ¡-¶´
(a)m = a · (a + 1) · · · (a + m − 1)
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!© ¢¡ £ ß Â ÁGÈ ßÃÁ ÉÂcÈcÁßd£XÇ
 1p§¯ 
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Ö«¹{©¨G¯µ¡¹TÓj±Xª ®«c ¢½²¯T±j¯T©¬«¨³ 
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G´½¡¹T½ª^±X¨¡ÚGÛ¡¹T¡
x1, · · · , xn
¾Ý¡r¨«X¯T¡$¯µ¡-Ój±X¹T©^±X¶ª¡r³rß
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²ª±c¹Û©¬¯µ ± ¹T««X¯3«cÖ° ²ªl¯T©¬½ª©^®©¬¯O´
m > 1
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ß;h«jÛÙ¡Óc¡r¹rÚ©¨¯T¡¹TÓj±Xªq¬h¡rÛ!¯µ«c¨ ±Xª­c«cë
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«¨G¯µ¹±c®
¯T©¬«¨ ©³3¨«X¯¢¡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ß
!¡-±c¾±X½Ý¯T¡r¾7©¬¨G¯µ¡r¹µÓj±cªv¬h¡Û!¯T«c¨?±Xª­c«¹µ©¬¯µ ñ¡!Ý©¶©l¯³!¯µ¡×Ö«cªª¬«jÛ©¨­3Ö¡r±j¯T²¹T¡r³ 
 ±X¹T¶©l¯T¹T±c¹µ´?±®®²¹T±®´®±c¨2¶¡Ü¹T¡r±c®¡r¾¶«X¯T «c¨2¯µ¡Ü¡r¨®ª«³µ²¹T¡Ø«cÖ=¯T¡ ¡r¹µ«G³$±c¨¾Ô«c¨2¯µ¡Ü¹±X¨­c¡Ø«XÖ
¯µ¡×Ö²¨®
¯µ©«c¨«¨Ä¯T©³h¡¨®ª¬«G³g²¹T¡cÚ²½¯T«¢®«c ¢½²Ý¯T¡¹hª© Ø©¬¯T³£t¯µ© ¢¡ ê  Ø¡r ¢«c¹T´  ª
 ¯µ¡h®«c ¢½²Ý¯T©¬¨­-½¹µ¡A®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©³$¨« ¢«c¹T¡3½«³T³g©¶ª¡3¶¡r®r±X²³µ¡Ø¯µ¡Ü®²¹µ¹T¡¨G¯$©¬¨G¯µ¡r¹µÓj±cª®«c¨G¯T±c©¬¨³{«¨ª´¯OÛ« «±X¯µ©¨­XëS½«c©¨¯×¨² ¶¡¹³rÚ
«c¹!Û¡¨¯T¡×Ö²¨®¯µ©«c¨¡Ój±Xª²±X¯µ©«c¨¾Ý«¡r³!¨«c¯h¨±X¹T¹µ«jÛ Û¡¨¯µ¡±c¹µ­² ¢¡¨G¯!­c¡¯³!¨±X¹T¹T«jÛ¡r¹rß
í« Ø¡×¡ !½¡¹T© Ø¡r¨G¯T³±KÓ¡{¶¡¡r¨®«¨¾Ý²®¯µ¡r¾«¨7½«cª´¨«c ¢©^±Xª^³L­ È  ®[ßÙ!¡×Þ¹³O¯h³µ¡¹T©¬¡A³®«¨®¡r¹µ¨³ é ¡¶´Gë
³µ¡Ó½«cª´¨«c ¢©^±Xª^³ß¢!¡r´ ±X¹T¡¢ÕG¨«jÛ¨¯µ«?¶¡Ü¾Ý©¬ùÜ®²ª¬¯-¯µ«?¡Ój±cª¬²±X¯µ¡¢±c®r®²¹±j¯T¡ª´?¡Óc¡r¨2©¬ÖÙ¯µ¡r´¯T±cÕc¡3¯µ¡r©¬¹
Ój±Xª²¡r³©¬¨
[−1, 1] Ú¶¡A®±c²³g¡!¯T¡©¹®«¡ù®©¡¨G¯T³=±X¹T¡ª±c¹µ­¡cß» ®«c¨³g¡A·²¡¨®¡©³¯µ²³¯T±j¯=©¬¯©^³·G²©¬¯µ¡°¾©lù®²ªl¯¯µ« ­c¡¯Ø±?³g Ü±Xªª g¹T¡r³µ©¾Ý²±Xª 
F (X)
Ú ³µ Ü±Xªª¬¡r¹-¯µ±X¨x¯T¡Ä³g¯µ«c½½©¬¨­¯µ¹T¡r³µ«cª^¾
εY
ß?î«c¹©¨³g¯T±X¨®¡cÚzá±X¯ ±X¶
¾Ý¡¯µ¡¹T ¢©¬¨¡r³Ù«c¨ª´É3¹µ««X¯³Ù«XÖ
C30
ÚG¯µ¡ é ¡¶´Ý³g¡rÓÜ½«ª¬´¨« ¢©±cª«cÖ¾Ý¡r­c¹T¡¡{ÈÇ Y©l¯!Þ¨¾³h£jÁØ®«c ¢½ª¡!¹T««X¯³
Ö«c¹3¯µ¡£XÁ¹µ¡r Ü±X©¨©¬¨­ «c¨¡r³  ÚzÛ©¬¯µ  ®«¹µ¹T¡r®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«¹µ¹T¡r®¯h¾Ý¡r®©¬ Ü±Xª ¾Ý©­c©¬¯T³rß ¡¯°¯µ¡®«¡ù®©¬¡r¨¯³«XÖ
C26
«c¹°«XÖ
C30
±c¹µ¡-¡ !±c®
¯Tª¬´7¹µ¡r½¹T¡r³µ¡¨G¯T±c¶ª¬¡×¶´ ¢±®©¨¡
¨² ¶¡¹³=±c¨¾Ø¯µ¡r³µ¡h¹µ¡A³g²ªl¯³=±X¹T¡h¨«c¯¾Ý²¡h¯µ«¯T¡°±c½½¹T« !© Ü±j¯T©¬«¨Ø«cÖ¯µ¡$®«¡ù®©¡¨G¯³¶´Ø¾«c²¶ª¡h½¹T¡r®©³µ©«c¨«G±j¯µ©¨­cë[½«c©¨G¯{¨² ¶¡¹³rß!¡3½¹µ«½«G³g¡A¾?©¬¨G¯T¡¹TÓK±cªq¬h¡Û!¯T«c¨Ô±Xª­c«c¹T©¬¯µ  ­c©Óc¡A³°Ó¡¹T´?³µ±X¯µ©^³OÖY±®
¯µ«¹µ´¹T¡r³µ²ª¬¯T³ 
¡Ó¡¹T´¹T«G«c¯h©³°¾Ý¡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¯µ²¹µ¨¡A¾±c³!½«X¯µ¡r¨G¯µ©^±Xªª¬´®«c¨G¯±X©¨©¬¨­±¢¹µ««X¯h±c¨¾
¯µ¡-¡!Ý©³g¯µ¡r¨®¡-±c¨¾²¨©^·²¡¨¡A³µ³!«cÖ¯µ¡-¹µ««X¯³!©¬¨¡A±c®Ä¡r¨®ª«³µ©¨­¢©¬¨G¯µ¡r¹µÓj±cª©³!½¹T«jÓc¡r¨nÚGÖ«c¹ ¢«³g¯h«XÖ¯µ¡r ß
 mnt
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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«¨®ª²³µ©¬«¨³h«¶Ý¯T±c©¬¨¡A¾?Û©¬¯µ¯T¡ Ò ©¬ªÕ©¬¨³µ«c¨2½«ª¬´¨« ¢©±cª
«XÖ¾Ý¡­¹µ¡r¡×£cÇ 
W20(x) =
∏20
i=1(x − i)
Û¹T©l¯µ¯µ¡r¨7©¨Ä¯T¡-¡!Ý½±c¨¾Ý¡A¾ÜÖ«c¹T ßz!¡×©¬¨©¬¯µ©^±Xª½¹µ¡A®©^³g©«c¨7©³®«G³g¡r¨
ª^±X¹T­c¡$¡¨«²­c7¯µ«Ü¡r¨±X¶ª¡$¯µ¡-¡ !±c®
¯¹T¡½¹T¡r³µ¡¨G¯±j¯µ©«c¨7«XÖ ¯µ¡®«¡ù®©¡¨G¯T³rß!©^³!½«ª¬´¨« ¢©±cª©³h¾©lù®²ªl¯¯T«
¡Ój±cª¬²±X¯µ¡$±c®®²¹±j¯µ¡rª¬´Ø¶¡r®±c²³µ¡{©¬¯T³Ù®«¡ù®©¬¡r¨¯³±c¹µ¡{ª±c¹µ­¡£t¯T¡©¹!«c¹¾Ý¡¹«XÖ Ü±c­c¨©¬¯µ²¾¡°©^³
20!  ±X¨¾¶¡r®±c²³µ¡©¬¯h¯T±cÕc¡r³!ª^±X¹T­c¡×Ój±Xª²¡A³¶¡¯OÛ¡r¡¨©¬¯T³h¹T««X¯³t¯µ¡©¹°«c¹¾Ý¡r¹«XÖ ¢±c­c¨©¬¯µ²¾Ý¡-©³
1016  ß é «¨³µ¡r·G²¡¨G¯Tª¬´©¬¯°©^³Óc¡r¹µ´¾Ý©¬ù®²ª¬¯3Ö«¹«²¹3±cª¬­«c¹T©l¯T  Y¡r³T³g¡r¨¯T©±cª¬ª´ÔÓc¡¹T´2¯µ© Ø¡ëS®«c¨³µ² ¢©¨­  ¯T«2¾Ý©^³T®±X¹¾ ©¨¯T¡¹TÓj±Xª^³-¨«X¯¢®«¨¯±X©¨©¨­¡r¹µ«ßz!¡×¹µ¡A³g²ª¬¯T³±c¹µ¡{¯µ²³³µ Ü±Xªª¡¨®ª¬«G³g²¹µ¡A³=Ö«¹Ù¯µ¡-¹T««X¯T³!±cª¬«¨­3Û©¬¯µ?±3½¹T«G«cÖ«cÖ¯µ¡©¹¡!Ý©³g¯µ¡r¨®¡-±c¨¾
²¨©^·G²¡¨¡r³T³±X¨¾ ±ª«c¨­ª©³g¯«cÖÙ«c¯µ¡r¹rÚ¨«X¯¾Ý©^³T®±X¹¾Ý¡A¾Ú©¨G¯µ¡¹TÓj±Xª^³Ú ®«jÓ¡¹T©¬¨­±Xª ¢«³g¯×¯µ¡Û«cª¡Ü©¬¨G¯µ¡r¹µÓj±cª
[1, n]
ß
Ò ¡r¨2¯T¡Ä®«G¡ù®©¡¨G¯«XÖ
X19
©³½¡r¹g¯T²¹µ¶¡r¾Ô¶´¯T¡©¨G¯µ¡¹TÓj±Xª
[−2−19, 2−19] Ú ¡Ó¡¹T´½«c©¨¯¶¡¯OÛÙ¡¡r¨Â±X¨¾ £XÇ7©^³-±7¹T««X¯×«XÖ!±7½¡¹µ¯µ²¹µ¶¡r¾2½«ª¬´¨« ¢©±cª ¶¡ª«c¨­c©¨­¯µ«¯µ©^³×©¨¯T¡¹TÓj±Xªz½«cª´G¨«c ¢©±cª§ª©¬¨¾¡¡r¾nÚ«c²¹
±Xª­c«¹µ©¬¯µ ñ¹µ¡¯µ²¹T¨³³µ ¢±cª¬ª¡r¨®ª«³µ²¹T¡r³Ö«c¹!¯T¡-¹T«G«c¯T³×Ã$¯µ« 3±c¨¾7±¢®«jÓc¡¹T©¨­3«cÖ
[7.91, 22.11]
ß
 1p§º s ÂE»¼tv|h` £1tv`|.}.²gtxE|
¬h«jÛ!±c¾±K´³rÚr±cª¬­«c¹T©l¯T Ü³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ïSÖOÚG«jÛ¡rÓc¡r¹rÚK¯T¡{®«c¨¾Ý©¬¯µ©«c¨¢¨² 3¶¡r¹=«XÖ¯µ¡°©¨GÓ«cªÓc¡A¾ Ü±j¯T¹µ©!3©^³ª^±X¹T­c¡Új¯µ¡h²³µ¡h«XÖ¹T¡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ν + µ − 1
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ν,µ=1,...,n
.
ïS¯T³¢®«c¨¾Ý©¬¯µ©«c¨F¨G² ¶¡¹¢©³Ø±X¶«c²¯
3.5n
ß±°¡¨®¡Ä¯T¡¹T¡Ä©^³Øª¬©¬¯g¯Tª¬¡«½¡Ä¯µ«Ô­c¡¯3¯T¡7Ój±cª¬©^¾±j¯T¡r¾x©¨Óc¡r¹T³µ¡Ö«¹
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n
¶´7²³g©¨­7¾«c²¶ª¡½¹T¡r®©³µ©«c¨?¨² ¶¡¹³rß°»¿Ö²¹µ¯µ¡¹°½¹µ«¶ª¬¡r  ©^³°¯µ±X¯{ÛÙ¡²³µ²±Xªª¬´?¾Ý«Ä¨«X¯$±KÓc¡×¯T«
©¨GÓ¡¹µ¯¯T¡h©ª¬¶¡¹µ¯ Ü±j¯µ¹T©!Ä¶²Ý¯h³µ«c ¢¡{«c¯µ¡r¹! ¢±X¯µ¹T© !Û©¬¯µ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«¨¾Ý©¬¯µ©«c¨Ä¨² 3¶¡r¹rß
!©^³×®±Xªª^³hÖ«¹{²³µ©¨­7 3²ª¬¯µ©½ª¬¡Ø½¹T¡r®©³µ©¬«¨©¨¯T¡¹TÓj±Xª±X¹T©l¯T ¢¡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±c¾ÓK±c¨®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¡r³=¯µ¡°©¨GÓ¡¹³g¡° ¢±X¯µ¹T© !
«c¹¹T¡r±®¡r³!±Ø²³µ¡¹h¾Ý¡Þ¨¡A¾7 Ü± !© Ü±Xª½¹T¡r®©³µ©¬«¨nß
!¡{²³g¡A¾±Xª­c«¹µ©¬¯µ  ©^³=ÛÙ¡ªªlëSÕ¨«jÛ¨GY³µ¡¡$¼² ¢½G­ È!®  ßzïu¨7®±c³µ¡hÛÙ¡°Û!±X¨G¯¯T«3³µ«cªÓc¡°±³µ´Ý³O¯T¡  «XÖnª©¨¡r±c¹¡r·G²±X¯µ©«c¨³rÚ
Ax = b, A ∈ Rn×n, b ∈ Rn,
ÛÙ¡Þ¹³O¯$®«c ¢½²¯µ¡¢±X¨±X½½¹µ« !Ý© Ü±j¯µ¡©¬¨Óc¡r¹T³µ¡
R
¶´cÚ³µ±K´Ú¯T¡Ø¥×±c²³µ³µ©^±X¨±Xª­c«¹µ©¬¯µ 6±c¨¾±X¨2±X½½¹T« !Ý©¬ Ü±X¯µ¡
³µ«cª²Ý¯µ©«c¨
x̃
ß7ïSÖ¯T¡¡r¨¯T¹µ©¡r³×«cÖ
A
±c¹µ¡¢©¨G¯µ¡¹TÓj±Xª^³ÚÛ¡¢¯±XÕc¡¢¯T¡Ü¹T¡r³µ½¡A®
¯µ©Óc¡¢ ¢©^¾Ý½«©¬¨G¯³±X¨¾Ô®«c ¢½²Ý¯T¡¢¯µ¡
±X½½¹µ« !Ý© Ü±j¯µ¡{©¬¨Ó¡¹³g¡{«XÖ¯T¡-¹T¡r³µ²ªl¯T©¬¨­3 Ü±j¯T¹µ©!ßïu¨¯T¹µ«Ý¾Ý²®©¨­
y = x − x̃ ÚÝÛ¡×®±c¨7¹T¡Û¹T©l¯T¡°¯T¡-³g´Ý³g¯µ¡r 5±c³
y = R(b − Ax̃) + (I − RA)y =: f(y).
!²³rÚGÛÙ¡×®±X¨7³O¯±X¹µ¯!±Þ !Ý¡r¾Ä½«©¬¨G¯!©l¯T¡¹±j¯µ©«c¨Ö«c¹
f
ßz!©³!®«c¨Óc¡r¹µ­¡r³z©¬Ö¯T¡$³µ½¡r®
¯T¹T±cª¹T±¾Ý©¬²³=«cÖ
I −RA ©^³³µ ¢±cª¬ª¡¹h¯µ±c¨
1
ßÙïSÖ
R
©³{®ª«³µ¡×¯µ«Ü¯T¡©¨Óc¡¹³µ¡$«cÖ
A
Ú¯µ©^³°³µ½¡A®
¯T¹T±cªn¹T±¾Ý©²³©^³°®ª«³µ¡×¯µ« r¡¹T«±X¨¾ÛÙ¡-±KÓ¡
ÖY±c³g¯°®«¨Óc¡¹T­c¡r¨®¡ß
ïu¨Óc¡r¹T³µ©¬«¨©^³¾Ý«¨¡©¬¨Ø¯T¡°³T±X ¢¡ÛÙ±K´ß Ò ¡ºO²³g¯=±KÓc¡Ù¯T«-¹µ¡r½ª±®¡
b ∈ Rn ¶´¯T¡ n×n ©^¾Ý¡¨G¯T©l¯O´Ø Ü±j¯µ¹T©!ßà{¨±3²³g²±cª¸ é ÚÝ¯T¡-ª¬© ¢©l¯³«c¨
n
±X¹T¡$¨«X¯­c©Óc¡r¨7¶´Ü¯T¡-©¬¨®¹T¡r±c³µ¡$«XÖz®«c ¢½²¯T±j¯T©¬«¨Ä¯T©¬ ¢¡-¶²¯h ¢±c©¬¨ª¬´
¶´¯T¡³µ©r¡-«XÖ¯µ¡ Ø¡r ¢«c¹T´cß=ïu¨ ±X¶ª¬¡ÜÃÚÛ¡ª¬©^³O¯¯T¡®«c ¢½²Ý¯±j¯µ©«c¨¯T©¬ ¢¡r³
t
©¨³g¡A®«c¨¾³«c¨?±£ß É¥L 
¸¡¨G¯µ©²   ²³µ¡r¾Ö«c¹©¨GÓ¡¹³g©«c¨3«XÖ¯µ¡ n×n h©ª¶¡r¹g¯ Ü±j¯T¹µ©!-Ö«c¹®¡¹µ¯T±c©¬¨3ÓK±cª¬²¡r³ «XÖ n ß !¡!¨² 3¶¡r¹z«XÖ²³g¡A¾¶©¨±X¹T´¢¾Ý©¬­©l¯³=©¨¯T¡{®«c ¢½²Ý¯±j¯T©¬«¨ÛÙ±³
32 · b11(n + 2)/32c ß!¡{½¹T¡r®©³µ©«c¨Ü«XÖ¯T¡°«²Ý¯µ½²Ý¯Ù©^³ Ø¡A±c³µ²¹T¡r¾¶´
diam([H−1n ])
ÚÝ¯T¡- Ü± !Ý©¬ Ü±cªn¾Ý©±c ¢¡¯µ¡r¹«XÖz±X¨¡¨G¯µ¹T´©¨¯µ¡®«c ¢½²Ý¯T¡r¾¡¨®ª¬«G³g²¹µ¡{Ö«c¹
H−1n
ß
!¡!½¹T¡r®©³µ©¬«¨Ö«¹
n ∈ {128, 256} ®±X¨Ø¶¡¹µ¡rª± !¡A¾³µª¬©­cG¯Tª¬´-¯T«×­±X©¨¢³g« Ø¡³µ½¡r¡r¾ß n = 256 ÚX¡cß ­ßÚXÛ!±c³±Xª^³µ«¯µ¡A³O¯T¡r¾ÔÛ©¬¯µ
32 · b10(n + 2)/32c ¶©¨±X¹T´ ¾Ý©­c©¬¯T³©¬¨2¯µ¡®«c ¢½²Ý¯±j¯T©¬«¨nß é «c ¢½²Ý¯±j¯T©¬«¨ ¯T©¬ ¢¡Û!±c³×±X¶«c²¯KÁGÇ£3³g¡A®«¨¾³Ù¶²Ý¯¯T¡¾Ý©^±X ¢¡¯T¡¹hÛ!±c³
> 10−6
ß
Äó %ÏÎ    b*W*   ¥*h?W¢C "&G¢E	¦§": Z  	¢E	
*µ¥ !LV±XWC¦#!b Z !¨ "§')µ¢C "§**«;$W9Y!$  VG?d*	
¦§ ¨ XW "$aW8	
©NV"©LV ¢µ ;¢C "¨]W µhXW¦ ' \V%
Yq¦XWGXWmm¦* « RaW; '"§W Z *©*h© &YW?W?*V%*£aW1	
©(LV¦ '"q« m?W
mm6I"Ä Q*Å
Q!N
£XÇ  J« ¦¢m¢µC«v$* m«
	E!"
n
¯T©¬ ¢¡:
s  d diam([H−1n ])ÃAÉ Çß Ç KÁ Ã XÉ
0.37 · 10−23ÈG£ Çß Ã È £
0.64 · 10−23ÉcÁ ÃrÂß Á  jÇcÁ
0.17 · 10−31ÃK£XÂ ÈcÉ Ýß  ÃÁÇÂ
0.47 · 10−48£ XÉ Â jÁÇ £XÂÃAÉ
0.16 · 10−80
 ±X¶ª¡¢Ã  é ¸  ¯T©¬ ¢¡cÚ¨G² ¶¡¹«XÖ²³µ¡r¾¶©¨±X¹T´¾Ý©­c©¬¯T³rÚ¾Ý©^±X ¢¡¯T¡¹«cÖ¯µ¡-¹µ¡A³g²ª¬¯rß
	
©©	!LVGM¦$V: ?¥©
LW¢µ &G >YW?Wb§µ Z aWµ¦#!  Z aW
500 × 500   ¦¥¢µ  d Yq¦aW  C* ¦ ¢µ¥*8 Z '%  "?V;AV '%¦« £/Y  Y1&"
/Yb q `XW©©`* 
Z 
H−1256
 	?  )¥  $	
B Z V '%¦§*«
 1p  u|{1|{w  Mtx| {±ÂEqw1|Â1|t
×¹T«c¨¹T«Ý¾ë[¸z±X¯g¯µ¡r¹T³µ«c¨·G²±¾Ý¹±j¯µ²¹µ¡{Ö«c¹T ²ª^±X¡
QKP,knk [f ] =
nk∑
ν=1
a[k]ν f(x
[k]
ν ), −1 ≤ x[k]ν ≤ 1
Ö«c¹Ä¯µ¡ ¾Ý¡¯µ¡¹T ¢©¬¨±j¯µ©«c¨ «cÖ
I [f ] =
∫ 1
−1 f(x) dx
±c¹µ¡2¾Ý¡Þ¨¡r¾&±³ÜÖ«cªª«jÛh³ß ¡¯
QGn
¶¡¯T¡Ô¥×±c²³µ³µ©^±X¨
·G²±c¾¹T±X¯µ²¹T¡°Ö«¹µ 3²ª^±3Û©¬¯µ
n
¨«Ý¾Ý¡r³rß
Ãß
QKP,0n = Q
G
n
£ß
QKP,knk
±  ©¨GÓ«cªÓc¡A³ nk = 2k(n + 1) − 1 ¨«¾¡r³¶  ´©¬¡rª¾³!¯µ¡-®«c¹T¹µ¡A®
¯©¬¨G¯T¡­c¹±XªÓj±Xª²¡$Ö«c¹h±cª¬ª½«ª¬´¨« Ø©^±Xª^³Ù«XÖz¾Ý¡­¹µ¡r¡ ≤ 3 · 2k−1(n + 1) − 1 ß
Ò ¡®±Xªª
QKP,k+1nk+1
± ×¹T«c¨¹µ«Ý¾ëS¸z±j¯g¯T¡¹³g«¨?¡!¯µ¡r¨³µ©¬«¨2«cÖ
QKP,knk
ß:¬°«X¯¡Ó¡¨2¯µ¡Ü¡ !Ý©³g¯µ¡r¨®¡Ü«cÖ×¹T«c¨¹T«Ý¾ë
¸z±j¯µ¯µ¡¹³µ«c¨ ¡!¯µ¡r¨³g©«c¨³ØÖ«c¹
k > 1
±³¢¶¡r¡¨ ½¹T«jÓc¡r¾F¯µ¡«c¹T¡¯T©®r±Xªª¬´ß °³µ©¬¨­Ô©¨G¯µ¡r¹µÓj±Xª{±X¹T©l¯T ¢¡¯µ©^®XÚÙ©¬¯©³
½«³T³g©¶ª¡×¯µ«Ü­c©Óc¡-±c¨¡ !Ý©³g¯µ¡r¨®¡-½¹T««XÖ±X¨¾7¯µ«¾¡¯µ¡r¹µ ¢©¨¡-¨«Ý¾Ý¡A³
x
[k]
ν
±X¨¾®«¡ùÜ®©¬¡r¨G¯T³
a
[k]
ν
ß!©^³©^³h¾Ý«c¨¡
±c³ÙÖ«ª¬ª«jÛh³ ¾¡Þ¨¡
p[k](x) =
nk∏
ν=1
(x − x[k]ν ).
¸¹T«c½¡¹µ¯O´7£j¶  ©^³¡A·²©¬Ój±Xª¡¨G¯!¯µ«
∫ 1
−1
p[k](x)q(x) dx = 0
Ö«¹h±Xªª
q ∈ P2k−1(n+1)−1
Y³µ¡¡¡Ù¹±c³T³8­ ÂÚ!¡«¹µ¡r  !®  ß Ò ¡³µ¡¯
p[k] =
nk∑
ν=0
ανTν ,
Û¡r¹µ¡
Tν(x) = cos ν arccosx
±X¹T¡$¯µ¡ é ¡¶´Ý³g¡rÓÄ½«cª´¨«c ¢©^±Xª^³«XÖ ¯µ¡Þ¹T³g¯hÕ©¬¨¾ßÙ!¡ª¬¡A±c¾Ý©¨­®«G¡ù¢ë
®©¡¨G¯$«XÖ
p[k]
©^³
1
±X¨¾¯µ±X¯$«cÖ
Tnk
©^³
2nk−1
ß-!¡¹T¡Ö«¹µ¡Ú
αnk = 2
1−nk
ß-íÝ©¬¨®¡¯T¡3¨«¾¡r³{«XÖ
QKP,k+1nk+1®«¨G¯T±X©¨7¯µ«G³g¡×«XÖ
QKP,knk
Ú
p[k+1]/p[k]
©³±¢½«cª´¨«c ¢©^±Xª[ßz!¡¹T¡Ö«¹µ¡ÚGÛÙ¡× Ü±K´Ä³g¡¯
p[k+1](x)
p[k](x)
=
nk+1−nk∑
ν=0
βνTν(x).
 mnt
  	
! "#$ %&% (')* £Ã
h¡r¹µ¡ÚÝÛ¡×±KÓ¡
βnk = 2
1+nk−nk+1
ßK×¨«jÛ©¨­
p[k]
ÚÛ¡×±KÓ¡{¯T«Ü®«c ¢½²¯µ¡
p[k+1]/p[k]
³g²®¯T±j¯
∫ 1
−1
p[k](x)
p[k+1](x)
p[k](x)
Tλ(x) dx = 0
Ö«c¹
λ = 0, 1, . . . , 2k−1(n + 1) − 1
!©^³ ¢¡r±c¨³Ù¯µ±X¯rÚÝÕ¨«jÛ©¨­Ø¯µ¡
αν
ÚÛÙ¡×±KÓc¡$¯T«¢®«c ¢½²Ý¯T¡×¯µ¡
βν
³µ²®¯µ±j¯
nk+1−nk∑
ν=0
βν ·
(
nk∑
µ=0
αµ
∫ 1
−1
Tν(x)Tµ(x)Tλ(x) dx
)
= 0
Ö«c¹
λ = 0, 1, . . . , 2k−1(n + 1) − 1. CÈ 
!©^³hª««cÕÝ³hª©¬Õ¡±Ü« ¢«c­c¡r¨¡«²³³µ´³g¯µ¡r  Ö«c¹°¯µ¡
βν  ¶²Ý¯{¨«X¯µ¡¯µ±X¯ βnk 6= 0 ±X¨¾¯µ¡Ø®«c¹T¹T¡r³µ½«¨¾Ý©¨­¯µ¡r¹µ Ü³®±X¨¢¶¡°³µ©lÖt¯T¡r¾¢¯T«×¯µ¡{¹µ©­cG¯µë[±c¨¾Ø³g©^¾Ý¡cß °½¢¯µ«¨«jÛ-Ú¡Ó¡¹T´¯T©¨­-³g¡r¡ Ü³=³µ«cªÓj±X¶ª¡cß!¡© Ø½«c¹µ¯T±c¨G¯
®«¨¾Ý©¬¯µ©«c¨
x
[k]
ν ∈ [−1, 1]
Ú«jÛÙ¡Ó¡¹! Ü±K´Ü¶¡-²¹µ¯rßg¬°«Ý¾Ý¡r³h®«c²ª^¾7¡©¬¯µ¡r¹h³O¯±K´¹µ¡A±Xª¶²¯h¶¡-«²Ý¯T³µ©¾¡
[−1, 1]«c¹×¡rÓc¡¨2Ój±X¨©^³g ¯µ«¯µ¡¢®«c ¢½ª¡!½ª^±X¨¡cß3!©³$ÛÙ«c²ª^¾¶¡Ü±Ä½¹T«c¶ª¬¡r Ú³g©¨®¡
QKP,knk
³µ«²ª¾ ¹µ¡r½ª^±c®¡3¯µ¡
®«¨G¯µ©¨G²«c²³$ª©¬¨¡A±X¹$Ö²¨®¯µ©«c¨±cª
I : C[−1, 1] → R ßØïu¨2¯µ¡®r±c³µ¡¯T±j¯ x[k]ν 6∈ [−1, 1] Ú QKP,knk
Û«²ª^¾¨«c¯
¡Ó¡¨¶¡±3Ö²¨®
¯µ©«c¨±Xªn«¨
C[−1, 1] ß×¨«jÛ©¨­°¡r¨®ª«³µ²¹T¡r³Ö«c¹
x
[k]
ν
Ú
ν = 1, . . . , nk
ÚXÛ¡!­¡¯z¡¨®ª¬«G³g²¹µ¡A³Ö«¹¯µ¡®«G¡ù®©¡¨G¯T³
αν
«XÖ¯T¡!¨«Ý¾±Xª
½«cª´G¨«c ¢©±cªCß!©^³Ù´G©¡ª^¾³Ù±ª©¬¨¡r±X¹!³µ´³g¯µ¡r ñ«XÖn¡A·²±j¯µ©«c¨³=Û©¬¯µ7©¬¨G¯µ¡r¹µÓj±cª®«G¡ù®©¡¨G¯T³rßïS¯³!³g«ª¬²Ý¯T©¬«¨Ä¾Ý¡Þ¨¡r³
¯µ¡3½«cª´¨«c ¢©^±Xª
p[k+1]/p[k]
Û©l¯T©¨¯T¡¹TÓj±Xª®«¡ù®©¡¨G¯³
[βν ]
¶¡©¨­¡¨®ª¬«G³g²¹µ¡A³Ö«c¹{¯µ¡
βν  ß °³µ©¬¨­¯µ¡©¨¯T¡¹TÓj±Xª$¬h¡rÛ!¯µ«c¨  ¢¡¯T«Ý¾ÚÙÛ¡®±c¨ ®«c ¢½²Ý¯T¡­²±X¹±X¨G¯T¡¡r¾F©¬¨G¯T¡¹TÓK±cª³
[x
[k+1]
ν ]
Ö«c¹¢¯T¡ ¡¹T«³Ø«cÖ$±Xªª!¯µ¡
½«cª´G¨«c ¢©±cª³°¹µ¡r½¹T¡r³µ¡¨G¯µ¡A¾¶G´¯T¡©¨G¯µ¡r¹µÓj±Xª®«¡ùÜ®©¬¡r¨G¯T³rß{ïSÖ¯T¡©¨G¯µ¡r¹µÓj±Xª^³
[x
[k+1]
ν ]
±X¹T¡½±c©¬¹TÛ©^³g¡¾©³YºO«c©¨G¯
±X¨¾ ®«c¨G¯T±c©¬¨¡r¾D©¬¨
[−1, 1] ÚÛ¡?±KÓc¡½¹T«jÓc¡r¾%¯µ¡ ¡!Ý©³g¯µ¡r¨®¡«cÖ×±U×¹T«c¨¹T«Ý¾ëS¸±X¯g¯T¡¹³g«¨%¡!¯µ¡r¨³µ©¬«¨ ¯µ¡²¨©^·G²¡¨¡r³T³ÙÖ«cªª¬«jÛh³ÙÖ¹T«c ñ¯T¡×¯µ¡«c¹T´  ßà{¨¡¢·G²¡r³g¯µ©«c¨Ô©³×«jÛ ¯µ«¡rÓK±cª¬²±j¯µ¡¢±½«ª¬´¨« ¢©±cª
p
±c¨¾2©l¯³-¾Ý¡¹T©¬Ój±X¯µ©Óc¡Ø¡ù®©¡¨G¯µª´ ±c¨¾ ©¨x±7³g¯T±c¶ª¡
 Ü±X¨¨¡¹AÚÝ©lÖÛ¡×±KÓ¡$¯µ¡-¹T¡½¹T¡r³µ¡¨G¯±j¯µ©«c¨
p(x) =
n∑
ν=0
cνTν(x).
î ©¬¹³g¯rÚÝ¨«c¯µ¡×¯µ±j¯
T ′ν+1(x)
ν + 1
=
sin(ν + 1) arccos(x)√
1 − x2
≡ Uν(x).
Uν
©^³Ù¯µ¡ é ¡¶´Ý³g¡rÓ½«cª´G¨«c ¢©±cª«XÖ¯µ¡³µ¡r®«c¨¾7Õ©¬¨¾«cÖ ¾Ý¡r­c¹T¡¡
ν
ß Ò ¡-±KÓc¡
T0(x) = 1, T1(x) = x, Tν(x) = 2xTν−1(x) − Tν−2(x), ν = 2, 3, . . .
±X¨¾
U0(x) = 1, U1(x) = 2x, Uν(x) = 2xUν−1(x) − Uν−2(x), ν = 2, 3, . . .
°³µ©¨­Ø¯µ©^³!¹µ¡A®²¹³µ©¬«¨©³Ù²³µ²±cª¬ª´¨«c¯±3­c««Ý¾©^¾Ý¡A±ßïSÖ |x| ©^³®ª«³µ¡{¯µ«ÃCY«c¹!ª^±X¹T­c¡¹  Ú±X¨¡¹T¹T«c¹=½¹µ«½±X­G±j¯µ¡A³Û©¬¯µ?±3ÖY±c®
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f(x, y) = −
(
5∑
i=1
i cos[(i − 1)x + i]
)
×


5∑
j=1
j cos[(j + 1)y + j]


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f(x1, . . . xn) = 10 sin(πx1)
2 + (xn − 1)2 +
n−1∑
i=1
(xi − 1)2[1 + 10 sin(πxi+1)2].
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